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Abstract-A constitutive law for sea ice is constructed taking into account empirical facts of ice motion. 
The Reiner-Rivlin theory is used as a frame for the formulation, in which the isotropic stress and shear 
viscosity depends on the ice concentration and thickness. The latter depends also on the strain rate 
invariants. It is shown that winds normal to the shore can enhance the along-shore velocity component, 
which has a direction to the right of the wind due to the Coriolis force. This enhancement is mainly a 
result of the balance between the stresses, which is a nongeostrophic balance. Only after adding a small 
along-shore wind blowing to the left, can the geostrophic leftward along-shore jet be recovered. It is 
concluded that the wind direction is crucial for the direction of the along-shore ice velocity near the shore 
in this viscous sea-ice formulation. 
1. INTRODUCTION 
A major physical assumption invoked in sea-ice modeling is to regard the padk ice field as a 
continuum. The continuum assumption depends on the scale on which one wants to study the ice 
motion. In the central Arctic, where the floe size is large (several tens of kilometers), the continuum 
description is valid for scales of more than 100 km. In the marginal ice zones this hypothesis can 
be well-justified already for scales of the order of 1 km, because the ice floe size varies from 0.5 up 
to 25m in the first 10 km, from 25 to 50m in the next lo-15 km and from 25 km inwards the 
maximum floe size is several hundred meters [l]. The internal ice stress arises from the bumping 
and shearing of the individual ice floes comprising the ice medium. Although it has been recognized 
for some time that ice is not a Newtonian fluid, a viscous law was used in the earliest large-scale 
ice modeling attempts by Campbell [2] and Doronin [3]. Glen has proposed a viscous law [4] 
that has been used in large-scale ice models by Hibler and Tucker [5]. 
The AIDJEX modelers adopted a view in which ice was treated as an elastic-plastic medium 
[6-12). Plastic rheology had been preferred for the pack ice because observations show that the 
ice field can support varying strain rate states under fairly uniform forcing. In plasticity theory a 
condition for plastic yielding is introduced through the so-called “yield curve”, which is a function 
of stress invariants (or principal stresses). Inside the yield curve the stress is assumed to be elastic 
(or viscous [13]), and points along the curve represent plastic yielding under constant stress. The 
yield curve can take the shape of a teardrop (AIDJEX modelers) or an ellipse [13] which is confined 
to the negative principal stresses quadrant because of the inability of the ice to support tension. 
Hibler [13] used an elliptic yield curve to show that locally plastic law can stochastically give a 
viscous behavior of the ice in time scales of 1 day. In his stress law the effective shear and bulk 
viscosities will decrease for converging ice fields, although he has a lower bound for the viscosities. 
This means that for increasing convergence the stress stays the same (the plasticity assumption). 
Smith [14] has done some revisions to the plastic constitutive law applicable to sea ice. 
This work investigates what kind of ice dynamics will result if we choose the constitutive law to 
be based on the generalized theory of Newtonian fluids, i.e. ice would behave as a Reiner-Rivlin 
fluid, where the viscosity coefficients are functions of the strain rate invariants and other relevant 
scalar parameters. Section 2 describes what kind of empirical facts must be included in the stress 
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law and what kind of functional forms can be chosen for the bulk and shear viscosities. A short 
review on the numerical ice model is given in Section 3. As an application for this constitutive law, 
Section 4 deals with how ice behaves when exposed to winds that pack ice towards a coast. 
2. FORMULATION OF THE CONSTITUTIVE LAW 
This study chooses to proceed in finding the constitutive law for the ice via the generalized 
Newtonian fluid theory in which “viscosity” functions are determined empirically. Reiner [ 151 and 
Rivlin [16,17] showed that if the stress is assumed to be a function of strain rate at that point and 
at that time, then the stress, 6, can be expressed as 
where &, d1 and & are functions of the three strain rate (0) invariants only. In 2-D the third term 
is dropped, and the second and the third invariants coincide (see the Appendix). The above form 
is the only one that will satisfy the requirement of material objectivity (which states that a change 
of observer must leave the behavior of the material unaffected) implying isotropy in space [18]. 
Furthermore, the quantities c$~, i = 0, 1, 2, are material functions. By assigning these, the particular 
Reiner-Rivlin fluid is identified. 
There are several general physical properties which need to be included in the development of 
a constitutive law for sea ice: 
(a) Ice cannot support tension-opening occurs with nearly no stress (no isotropic 
stress for diverging ice). 
(b) With high compactness ice will resist more compression and shearing than with 
low compactness. It is estimated that with approx. 85% ice coverage the floe 
interaction is already negligible. Also, thick ice can resist deformation more than 
thin ice. 
(c) The higher the compression (convergence) is, the more the ice will resist it. 
Observations indicate that ridges are never higher than about 15 m. This implies 
that viscosity must become nearly infinite to stop ridging in converging ice fields: 
effective viscosity increases with compression. 
(d) High shear rates should give low effective viscosity to explain openings in coastal 
shear zones. 
(e) The constitutive law must lead to positive dissipation. 
One important assumption is made in the following formulation and it is that there is no equilibrium 
pressure-ice does not have a tendency to expand by itself; no motion implies no stress. One 
should note that using a plastic formulation, which introduces a yield curve not centered at the 
origin of the principal stress axes, will always give rise to an equilibrium pressure. 
In light of the considerations above, the proposed constitutive law of the ice can be written in 
its isotropic and deviatoric parts as 
aij = 4deI ? 8*Pij + +IteI 3 e2)E;j (with i,j = 1,2), 
where c#J,, is the isotropic stress and c$, is the shear viscosity, and 0, and 0, are the two strain rate 
invariants (see the Appendix for the definition). C#J~ and ~$i can depend also on other scalar state 
variables such as ice thickness (D), compactness (A) etc. 
Both &, and C#J~ can now be assigned so that they include the following properties: First of all, 
&, = 0 when there is no motion (takes into account the assumption of no equilibrium pressure). 
Furthermore, to satisfy property (a), we need & Q 0; only compressive isotropic stress will be 
allowed since ice has no resistance to tension and hence #Jo should be zero for diverging ice 
(El1 + 822 > 0). We allow shearing (4i # 0) for high compactness even though the ice is diverging. 
In accordance with property (c), &, and +r depend on ice compactness (and ice thickness in large 
scales), so that high compactness should give high viscosity, and < 85% ice coverage (A = 0.85) 
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should give zero effective viscosity (the floes are then sufficiently separated so that they do not 
interact). Rothrock [19] notes that in order for the viscous models to simulate the ice motion, the 
viscosity should vary from 5 - log kg s-r near shore to over 10” kgs- ’ far from shore. In the 
Reiner-Rivlin theory this feature can naturally be taken into account. Furthermore, it is expected 
that the shear stress will be smaller than the isotropic stress because ice fields resist compression 
more than shearing. 
We hypothesize that the following formulae are a reasonable constitutive law and take into 
account the assumptions and properties listed above: 
and 
shear viscosity, 
isotropic stress, &I = -PiADPoexPC- 41 - AU, 8, < 0. 
This law introduces four parameters to be fixed either from observations or from model experiments. 
The A-dependent part was chosen to have the same form as Hibler [13] with K = 15, giving a 
rapid decrease of the stress with decreasing ice concentration. The coefficient ,nO was chosen to be 
1 Nm/kg, giving ice strength values of order lo3 Nme2. The shear coefficient, pl, was fixed to be 
104m2/s, which corresponds to values of order 10’ kg/s, in the units preferred by large-scale ice 
modelers. This value is nearly three orders of magnitude smaller than values extrapolated from 
observed ice motion [19] or used by ice modelers like Hibler [20]. The viscosities given in the 
literature apply to large-scale ice dynamics, scales of 200-500 km, but studying smaller scales, one 
is better able to resolve the motion and the nonlinear advection that also contribute to the large- 
scale viscosity. This means that there is a definite scale effect in the ice shear viscosity and that it 
should rather be called the “eddy” viscosity of the ice. 
The justification for the chosen value of pi can be based on the theory of turbulence (2-D). The 
dissipation rate, E, can be derived from the momentum equations: E = pld(‘, where d is the 
deformation rate. Based on this equation one can derive an equation for viscosity, p, using 
dimensional analysis and assuming that p depends only on E and wavenumber, k: 
p = CE’/3k-4/3 
9 
where C is a constant. 
The (turbulent) dissipation rate of the system is the same whether one studies its behavior in 
large or small scales (scales designated by L, and L,, respectively), which leads to the following 
scale relation (appropriate wavenumber is the inverse of the length scale): 
When L, = 1 km, L, = 200km, p, = (l-lO)lO’” kg/s (e.g. from Rothrock [19]), the small-scale 
viscosity is pS = (l-lO)lO’kg/s, which is in the range of values used in this study. 
The factor exp( - ye, le,l) was added to account for the decrease of viscosity for high shear rates 
[property (d)]. Multiplication by the trace of the strain rate tensor is needed because under 
compression it is harder to have shearing in the system. This is especially important near land 
boundaries. The coefficient y was chosen to be 3.10’ s2. For typical values of 0, and 8,, (l-2)10e5 
s-l, this factor is still 0.9 (for diverging ice). This comes into play only for very large shear and 
compression/tension rates. 
3. THE NUMERICAL MODEL AND THE BOUNDARY CONDITIONS 
A numerical model was constructed for the study of the wind-forced motion in the ice system. 
This model is in a Cartesian coordinate system rotating with a uniform angular velocity f/2. The 
Coriolis parameter f was chosen to be 1.4. 10m4 s-l. The sea-ice model consists of two momentum 
equations and an equation for the continuity of the ice concentration. The external forcing is 
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applied through stress at the air/ice interface, and the air/ice stress is proportional to the ice 
concentration (= compactness). 
The governing equations of the problem are the following, Ui and Vi are the x- and y-velocity 
components, respectively: 
PiADCui,, + Wi,x + V4.y) = Pi ADfvi + A(Tai,x + Twi,x) + Fi,x9 
PiAD(vi,, + ui”i,x + ui”i,y) = -PiAD?& + A(tai,y + 5wi.y) + Fi.yv 
A* + (AUi), + (AVi)y = 0 (OdA<l) 
and 
m, + (mUi)x + (mUi)y = 0 m = piAD, 
where Fi,y = 2 + - and Fi,y =s +$ are the forces due to the internal ice stress (0 is “s”; 
a0 
ay 
the stress tensor for ice), rai is the stress exerted by air on ice, with components Tai,x, rai.y, rwi is the 
water-ice stress with components Twi,x, T,i,y, A is the ice compactness (varies between 0 and l), D 
is the ice thickness and pi and pa are the ice and air densities (pi = 910 kgmm3). 
Using the above continuity equations implies that the equation of state is dD/dt = 0, i.e. the ice 
thickness is conserved along the particle path. Large-scale ice models may also contain a sea surface 
filt term in the momentum equations and redistribution continuity equations [20,5,21]. There is 
a weak Laplacian diffusion term in both of the continuity equations for sea ice. They are needed 
to damp out the possible nonlinear instabilities. 
The lateral stresses are parameterized using quadratic forms: 
air/ice stress, t,i = paC,ilW, - Uil(W, - Ui) N paCai(W,JW, 
ice/water stress, riw = Piciwlui - uwI(“i - uw)~ 
where W,, Ui and U, (= 0) are the wind, ice and water velocity vectors, respectively. The drag 
coefficient at the air/ice interface (Car) depends on the ice concentration, how rough the ice is etc. 
in the model a commonly used value, 1.5. 10m3, was chosen. 
The interfacial ice/water stress is shown to be strong [22,23]. The stress depends on how smooth 
or rough the bottoms of the ice floes are. In the following computations Ci, is fixed at 10. 10V3, 
which is in accordance with the measurements of Pease et al. [22]. If the ice/water drag coefficient 
is large, then the variation in ice thickness does not cause much change in the ice velocities. For 
small drag the Coriolis force becomes more important, allowing the thickness of the ice to have a 
larger effect on the ice velocity. 
A simplified, 1-D model was chosen for the numerical testing of the above constitutive law. The 
model area is 200 km wide in the x-direction. One half of the channel is initially covered by ice; 
the other half is ice-free. The dynamical equations are discretized on a staggered grid. The grid size 
was taken to be 1 km. 
In their 1-D model Roed and O’Brien [24] were able to solve for the ice edge position exactly 
using the method of characteristics. In 2-D the method of characteristics would be extremely 
tedious and, because of the viscous terms, very difficult. In this model the ice edge is allowed to 
diffuse freely; the error that arises is not serious if the grid size is small, which is the case in this 
model. 
When ice is moving to grid points where there was no ice before, the boundary condition for ice 
velocities at the ice edge is based on the continuity of stresses. This means that the ice stresses are 
equal to the water stresses and, because the viscosity of the water is negligible compared to the 
viscosity of ice, the stresses for the ice are approximated by cXX (= r.+J = oXy = (ui,x) = 0 (on the 
boundary parallel to the y-axis). 
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4. ICE RESPONSE TO ONSHORE WINDS 
The above constitutive law was tested by studying the response of the ice to on-ice winds. The 
first case considered a semi-infinite ice cover bounded by a solid boundary at x = 0. The wind 
direction is onshore, but slight deviations from it were tested also. The ice concentration is initially 
100% everywhere, and will stay so. Thus, all the effects of the forcing will be seen in the ice 
thickness. 
Figures la-e show ice velocities and Figs 2a-e the corresponding ice thicknesses when the 
onshore winds (lOm/s) are deviating + lo”, o”, - lo”, -20” and - 30” from the negative x-axis. 
First of all, the velocities are constant further out, x > 100 km, where the main balance in the 
momentum equations is among the air/ice and water/ice stresses and the Coriolis force, which is 
the smallest of the three. In the beginning all velocity profiles show a viscous boundary layer near 
the wall, because the pressure effects are not yet important. In the examples the u-velocity will not 
be affected at all by a direct resistance from the isotropic stress. The width of the wall boundary 
layer in the u-component, 6, is determined by the viscosity (Ekman-type side-wall boundary layer): 
6=m-1Okm. 
All the examples demonstrate that the isotropic stress is more effective than the viscous forces 
in bringing the u-velocity to zero at the wall; however, the viscous forces are important to the u- 
component. In the u-equation there is a nongeostrophic balance in the boundary layer; the main 
balance is between the air/ice stress and the internal isotropic stress. The width of the boundary 
layer increases with time, and it is anticipated that for this semi-infinite ice cover, the system would 
not have a steady state, or in other words, it takes an infinite length of time to reach a steady state. 
Given the excess thickness of the ice near the coast, we can approximate the width of the boundary 
layer knowing the wind stress over the ice (when A = 1) from 
Ax(width) x PiCloADfr,i, 
e.g. AD = 15m, W = lOm/s, then width N 1OOkm. 
The cases with + 10” and 0” (Figs la, b) wind directions show enhancement of the u-component 
near the wall compared to the free drift value. The enhancement is contrary to what one would 
expect from geostrophic considerations. The weak “jet” arises because, compared to the free drift 
balance further out in the y-momentum equation, there is a decrease in the Coriolis force (fu), 
which must be compensated by an increase in the ice/water stress. 
When the wind direction is shifted to the left from the negative x-axis, the geostrophic velocity 
arising from the thickness gradient near the wall is recovered (Figs lc-e). In the x-momentum 
equation a part of the isotropic stress contributes to the geostrophy, and also the relative magnitudes 
of the different terms in the u-momentum equation support the drastic change in u-velocity. The 
viscous forces will produce the narrow shear layer by the wall, and the u-component looks like a 
jet. 
Next we study a case where a finite ice cover (with a free edge) is bounded by a wall. The initial 
exponential ice concentration is shown by--Fig. 3a, and the ice edge is located at x = 150 km. 
Again, the initial ice thickness is 4m. The development of the ice concentration, velocities and 
thickness is shown in Figs 3a-c during onshore winds of lOm/s. 
Figure 3b shows a slight minimum (in the magnitude) of the u-velocity near the edge at day 1. 
This is caused by the pressure gradient, which is due to the concentration gradient, and is working 
in the same direction as the pressure gradient (due to the thickness gradient) near the wall. It 
should be noticed that the maximum of the u-velocity (at day 1) near the wall is smaller than the 
free drift value at the edge, which is why the pressure force is active. As time progresses, this 
“depression” disappears into the wall boundary layer effects. The velocities at the edge are nearly 
the free drift values because the internal stresses decrease strongly with the decreasing ice 
concentration. By day 10 the ice edge is well inside the boundary layer of the semi-infinite case, 
which makes the overall velocities much smaller in this case than in the semi-infinite case. 
In both the cases considered, semi-infinite and finite ice cover, the resulting ice thickness 
distribution will be conserved if the winds relax. This is a consequence of not having an equilibrium 
pressure as in an ordinary barotropic fluid or in a viscous-plastic ice, as formulated by Hibler 
c131. 
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5. CONCLUSIONS 
The constitutive equations for sea ice are formulated on the basis of the Reiner-Rivlin theory, 
i.e. ice is considered a viscous medium. The isotropic and shear stresses depend strongly on the ice 
concentration and thickness. In this formulation the parameters for the isotropic and shear parts 
of the stress are chosen independently of each other, not as in the case of the plastic stress laws. 
The internal stress is effective only near boundaries at high ice concentrations (90-100%); otherwise 
the ice motion is essentially free drift where the air/ice stress is balanced by the ice/water stress. 
The test simulations show the effectiveness of the chosen stress law in forcing the ice flow along 
the shore with onshore winds. The boundary layer in the onshore component is defined by the 
parameters of the isotropic part and in the along-shore component, by the shear stress, “shear 
layer” in this 1-D model. The direction of the wind is essential to the direction of an enhancement 
in the along-shore velocity component. As an interesting consequence of the balances in the 
momentum equations a strong along-shore jet is found. It is due to geostrophic effects in the ice 
momentum balance when onshore winds have a slight along-shore component to the left. 
The map of the mean ice motion in the Arctic [e.g. 203 shows several small gyres around the 
Arctic basin near the land boundaries. There are cyclonic gyres in the East Siberian, Laptev and 
Kara Seas. The scales of these gyres are around 300 km, which suggests that they cannot be directly 
driven by winds. In all the above-mentioned areas of small gyres there are winds further offshore 
that have strong onshore component. It is suggested that these gyres could be boundary layer 
effects due to the internal ice stress. Of course, these gyres could also be driven by oceanic 
circulation. 
The problem of ice motion and the applicable constitutive law depends strongly on the scale on 
which one wants to study the ice flow. The assumption of a continuum ice field comprised of small 
floes will have a strong resemblance to a viscous fluid. The average size of the floes is one good 
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indicator of the scales on which the ice can behave as a continuum. If one is not interested in the 
continuum behaviour of the ice floe field, but rather in the behavior of a single large ice sheet, then 
an elastic medium could be the nearest approximation. How the constitutive law of sea ice behaves 
between these two extremes is not predictable, and may not even be necessary for most ice modeling 
purposes. 
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APPENDIX 
Assuming that the stress depends on the strain rate only, the stress tensor (of rank 2) may in general be written in the 
form 
u = g(b). 
The principle of generalized dimensions requires that all terms on the r.h.s. are sums of mixed tensors of rank 2 only, 
possibly multiplied by scalars and inner products of such tensors, which again reduces to tensors of rank 2. The stress- 
strain relation may be written as 
fl = f Ml, e,, W”, 
“=I 
or 
(A.21 
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where O,, 8,, 8, are the three strain rate invariants, viz. 
8, = trace b, 
0, = (Of - (trace P)/2 
and 
0, = deti. 
Applying the Cayley-Hamilton theorem, all higher order terms than 1’ reduces to 1, i: and E2 terms, i.e. 
P3=ecZ-ei+0 I. L 2 3 
Thus, equation (A.l) may be written as 
a=~,(e,.e,,8,)1+~,(e,,e,,0,)(:+~,(0,,0,,0,~2. 
In 2-D. O2 = O3 and the Cayley-Hamilton theorem reduces to 
k2 - e,i + e2 = 0 
because 
d,-A 0 
0 62 - I 
= E,C, - (ir + Q,)1 + /I* = 0. 
Thus the polynomial expansion (A.1) reduces to 1: 
